A generalized model of space-time is studied, taking into consideration the anisotropic structure of fields which are depended on the position and the direction (velocity).In this framework a generalized FRW-metric the Raychaudhouri and Friedmann-like equations are investigated.A long range vector field of cosmological origin is considered in relation to the physical geometry of space-time in which Cartan connection has a fundamental role.The generalised Friedman equations are produced including anisotropic terms.The variation of anisotropy zt is expressed in terms of the Cartan torsion tensor of the Finslerian space-time.A possible estimation of the anisotropic parameter zt can be achieved with the aid of the de-Sitter model of the empty flat universe with weak anisotropy. Finally a physical generalisation for the model of inflation is also studied.
Introduction
During the last few years considerable studies with respect to observable anisotropies of the universe have been investigated 1, 2, 6, 7 .These are connected to the very early state of the universe and related to the estimations of WMAP of CMB, the anisotropic pressure or the incorporation of a primordial vector field(e.g. a magnetic field) to the metrical spatial stucture of the universe 4, 5, 18 .In this case the form of scale factor can be influenced by the introductory field. A geometry which may connect the Riemannian metric structure of the space-time to physical vector fields is the class of Finsler-Randers type spaces. In these spaces an electromagnetic field, a magnetic field or a gauge vector field can be emerged out by a physical source of the universe and can be incorporated to the geometry causing an anisotropic structure 8, 9, 10, 15, 16, 19, 23 . Finsler geometry or the theory of Finsler spaces may be considered as a generalized Riemannian geometry of the first order within the sphere of metrical differential geometry 21 .Finsler space is a metric space in which the metric function is defined by a norm F over a tangent bundle instead of defining an inner product structure on it. The norm will be a real function F (x, y) of a space-time point x and of a tangent vector yǫT x M which places the role of an internal variable (Appendix A). This y dependence characterizes essentially the Finslerian field and it has been combined with the concept of anisotropy which causes the deviation from Remannian geometry 35, 36 . All kinds of generalized metric theories and unified field theories belong to the larger class of the so called "anisotropic" field theories 35, 36 . Therefore these geometrical anisotropies are caused by internal variables. Under these conditions a Finsler geometry can considered as a physical geometry on which matter dynamics takes place while the Riemann geometry is the gravitational geometry 13, 15, 22 . The Cartan's torsion tensor 21, 23 characterises all the geometrical machinery of Finsler geometry and appears to all the expressions of geometrical objects such as connection and curvuture. In some cases it is useful by a physical point of view to be taken a vector field in the form y i (x)/i = 1, 2, 3, 4 and the induced Finslerian metric tensor gives rise to the osculating Riemannian metric tensor α ij (x) = g ij (x, y(x)).
In the present paper we adopt such an approach in order to obtain some results concerning to a Friedmann-like Robertson Walker cosmological model(F-LRW) and its consequents. In the context we proceed by introducing a Randerstype Lagragian and the induced Finslerian metric modified appropriately for a weak primordial vector field u a 16 (sec.2). We construct the field equations using the osculating approach 21, 23 and deduce a Friedmann-like equation of motion with an extra anisotropic term (sec.3,4). We generalize the Hubble parameter H, the density parameter Ω and the deceleration parameter q for a weak anisotropic approach. The cosmological parameters depend directly on the anisotropy generated by the vector field defined in the Lagragian metric function (sec.4). The solutions of the Friedmann-like equation for both matter and radiation dominated universe, the Raychaudhuri equation initially presented in 9,10 and the CMB temperature estimation are all affected by the presence of the rate of anisotropy at the field equations (sec. 4, 5) . The anisotropic solution of the scale factor coincides with the standard ones derived if we assume homogeneity and isotropy. A possible estimation of the parameter of the rate of anisotropy might be possible if we considered intermediate values for the cosmological constant for a generalized de Sitter model defined by the Friedmann-like equation of motion with a cosmological constant 32 .
Anisotropy and a Randers type Lagrangian metric
An alternative way of considering physical phenomena is to incorporate the dynamics to the active geometrical background following the Einstein's interpretation of gravity. Our investigation is based on the introduction of a Lagrangian metric 10,16 facing universe's anisotropy 1 as an embodied characteristic of the geometry of space-time. A similar investigation has been applied in case of electromagnetism 8, 19 together with some recent progress in gravity, cosmology and fluid dynamics 9, 16, 17 . We consider the geodesics of the 4-dimensional space-time to be produced by a Lagrangian identified to the Randers-type metric function(the greek indices belong to {0, 1, 2, 3} and the latin ones to {1, 2, 3})
where a κλ (x) is the Robertson-Walker metric defined as
where k = 0, ±1 for a flat, closed and hyperbolic geometry respectively. The spatial coordinates are comoving and the time coordinate represents the proper time measured by the comoving observer. The vector y µ = dx µ ds represents the tangent 4-velocity of a comoving observer along a preferred family of worldlines(fluid flow lines) in a locally anisotropic universe;the arclength parameter s stands for the proper time.We proceed considering the natural Lorentzian units i.e. c = 1. If we fix the direction y =ẋ then σ(x,ẋ) = 1.The vector field
stands for a weak primordial vector field |u α | ≪ 1 incorporated to the geometry of space-time as an intrinsic characteristic. This field would most naturally be expected to point in the same direction with the tangent vectors of the fluid flow lines 29 . As a result it will have only a time like componet which can be expressed as a function of the proper time u a = (u 0 , 0, 0, 0). The whole information about the anisotropy is coded to the scalar φ(x) 16 . We consider a linearised variation of anisotropy therefore the approximation
is valid for small x.
3
The choice of the connection A κ λµ (x) and the curvature.
The metric of the Finsler space can be directly calculated from the metric function F . Since f µν (x, y) = 1 2
where
and
Under the weak field assumption we can approximate the Finsler metric as a peturbation of the FRW metric since in General Relativity a weak vector field in a space (e.g. primordial magnetic field) can be treated as first order peturbation upon the Riemann metric tensor. The metric is considered to have signature (+, −, −, −) for any (x, y). The square of the length of an arbitrary contravariant vector X µ is to be defined
The connection components of the metric are given by (A.8).
In many cases we consider a convenient Finsler metric to approximate the gravitational theories 21, 23 . This metric is connected with a Riemannian one, r µν (x) refered as osculating Riemannian metric
with the following Christoffel components
thus the equation of geodesics is given by
Under the assumption for the vector field y α to satisfy the relation y µ ;ν = 0 the Finslerian δ−covariant derivative and the Cartan's covariant derivative of an arbitrary vector field X α (x) are coincided 21, 23 (see Appendix B)
The Cartan's torsion tensor can be easily deduced from (2.1) and (A.9)and the full expression is
where S µνλ denotes the sum over the cyclic permutation of the indices. Every single term of (3.8) is proportional to the components of the field u α thus C µνλ ≈ 0 under the condition |u α | ≪ 1 and then we can drop all the torsion dependent terms in (3.5). Therefore the approximation for the Christoffel components becomes
where A κ λν (x) represent the osculating affine connection coefficients. The affine curvature tensor associated with the proper choice of the connection coefficients A κ λν gives directly the curvature which is associated with the commutation relations of the δ-derivatives
The Ricci tensor is given by
and the scalar curvuture
The inverted metric f µν is calculated in 16 . The components of the Ricci tensor can be drastically simplified in virtue of the conditions
14)
The condition (3.13) is valid since φ(x) can be written at the linear form (2.5) together with (3.14) where we have consideredu very small at the first stages of a highly accelerated expanding universe 26 . We arrive then at the following nonzero components
The geodesic deviation equation in the case of a perfect fluid along the neighbouring world lines can be generalised within the Finslerian framework (ξ µ is the deviation vector)
11,14
where the operator δ δs denotes the Finslerian δ−connection along the geodesics. Within a Finslerian space-time framework the concept of constant curvature K is formulated by 16, 21 
4 The Einstein's field equations for an anisotropic universe
The Energy-Momentum Tensor and the Friedmannlike equation
The energy-Momentum tensor of a Finslerian perfect fluid for a comoving observer
is defined to be
where 
The substitution of (4.1) to the field equations
implies the following equations at the weak field limiẗ
after subtracting (4.4) from (4.5) we obtain the Friedmann-like equation
where we define z t as
The quantity z t is a constant since we considered a linear approach for the φ(x) by (2.5). The previous equation is similar to the one derived from the RobertsonWalker metric in the Riemannian framework, apart from the extra termȧ a z t .We associate this extra term to the present Universe's anisotropy.In case we study Finslerian models with a cosmological constant 9 the field equations (4.4),(4.5) can be amended to becomeä
and we end up with the equation of motion
The parameter z t and the weak linearised anisotropy
The physical quantity z t describes the variation of anisotropy which evolves linearly due to (2.5);it depends on the scalar φ(x) which is the only quantity of the Lagrangian that gives us insight about the evolution of anisotropy.The parameter z t is measured by the Hubble's units as (4.6) implies. It is significant that z t depends on the geometrical properties of the Finslerian space-time manifold.Indeed, the component C 000 can be directly calculated from (3.8) as
and after differentiating with respect to proper time we lead to the direct dependence of z t on the Cartan torsion component C 000
hence the variation of anisotropy is closely related to the variation of the Cartan torsion tensor as an intrinsic object of the Finslerian space-time.
The cosmological anisotropic parameters
We list the main anisotropic parameters constructed within the Finslerian framework 9,10,16,23
The anisotropic scale factorã(υ(s)) and the Hubble parameterH
The anisotropic scale factor is defined along each world line. S(s) is the length scale introduced in 2,9 . S(s) =ã(υ(s)) where υ(s) is the tangent vector field along the world lines. The anisotropic Hubble parameterH is given by the relation(Ṡ = ∂ã ∂υ µυ
The termΘ is the expansion in the Finslerian space-time expressed as
The anisotropic Hubble parameter can be computed from (4.6)
thus Hubble's units have to be attributed to z t .SinceH 2 > 0 we should fix H 2 ≫ |Hz t | no matter the sign of z t .
The density and the deceleration parameter
The density parameter can be defined with respect to the parameterH
The deceleration parameter is defined in terms of the anisotropic scale factor S(s)q
The Friedmann-like equation can also be rewritten in the form
If µ <μ crit thenΩ µ < 1 or k < 0 (open universe).If µ >μ crit thenΩ µ > 1 or k > 0 (closed universe).The last case µ =μ crit corresponds toΩ µ = 1 or k = 0 (flat universe) . Thus the values of z t influence the kind of spatial curvuture. In case we need to expressH in terms of the redshift, the present value of the Hubble parameter H 0 and the observables Ω M0 ,Ω Λ0 we insert 24,26,27
into (5.3) where the quantity E(z) is given by
Therefore we are left with an expression forH(z) depending on the anisotropic parameter z t , the redshift z and the Ωs. (The density parameters are estimated as Ω R0 ≈ 10 −4 , Ω M0 ≈ 0.3, Ω Λ0 ≈ 0.7, Ω c0 = 1 − Ω 0 ≈ 0, for the radiation, matter, cosmological constant and curvuture respectively 27 ).
The continuity equation
The energy density can be calculated by direct integration of the continuity equation T µ 0;µ = 0. A proper manipulation of (4.1) and (3.9) leads to the equation
which can be simplified to the form(c = 1)
µ + 3ȧ/a (µ + P ) +u 0 /2 (3P + 2µ) = 0 (5.11)
since we have applied the approximations f 00 = 2/(2 + u 0 + 2u
A perfect fluid relevant to cosmology obeys the equation of state
where w = 0 for a matter dominated universe and w = 1/3 for a radiation dominated universe.The substitution of (5.12) to (5.11) leads tȯ
and the integration of the differential equation (5.13) implies
This asymptotic behaviour indicates that the weak anisotropy affects homogeneity.
The look back time at the presence of weak anisotropy
Given the definition of the anisotropic Hubble parameter (5.3) we can generalise the concept of the lookback time t 0 − t * as
where t 0 is the age of the universe today and t * is the age of the universe when the redshift was z = z * .Therefore the general expression for the world time evolution should be
since z → ∞ at the start of the universe.Taking the weak anisotropy scenario and the redshift expression of the Hubble parameter (5.8) into account we deduce the small z t expansion for the worldtime todayt 0 (z = 0)
(5.19)
The Finslerian Raychaudhuri equation
The generalisation of Raychaudhuri's equation has been given by the following formulla 
where the function f (a,ȧ,ä, z t ) is defined as
Thus we can expand for small values of z t and lead to
The sign of the r.h.s.of (5.22) determines the state of expansion.If the inequality f (a,ȧ,ä, z t ) < 0 is valid then the term f (a,ȧ,ä, z t ) contributes to the acceleration of the universe(the field assist inflation), while if f (a,ȧ,ä, z t ) > 0 it will slow the expansion down(the inflation domination must be longer to accelerate the universe).This specific effect is of kinematical reaction to the geometry of the spatial hypersurfaces, rather than an attempt to supress inflation(it can be considered as an essential ingredient of the Finslerian ansatz) 4 .
Einstein field equations with anisotropic term
We assume z t to be a constant and study the differential equations (4.4),(4.5) and (4.6) both for the cases of matter and radiation dominated universe. We notice that for z t = 0 the field equations reduced to the usual ones they come from a Riemannian Robertson Walker metric 25, 29, 31 . The whole calculation is done for a homogeneous univererse of constant density µ.
Solution for a matter dominated universe
The solution for the scale factor in the case of a matter dominated universe is derived by the integration of the Friedmann-like equation (4.6) with initial condition
where z t = const. We set up t = 0 as the start of the time without considering any quantum effects;there are different ways of handling the initial condition for example setting a(t P l ) = 0 considering the scale factor after the Plank scale(e.g. see 18 . The eq. (4.6) is simplified if we insert the parameter (conformal proper time)
which measures the arc in rad travelled along by a photon on a sphere of radius a(t). We study the asymptotics of the scale factor a(t) ≡ a(t(η)) =ā(η) → 0 where cdt = adη. We consider a homogeneus universe of constant density µ calculated as
assuming that the universe would take over the same volume as in case it were closed (k = 1) since (5.15) is valid for the asymptotics of µ. The parameter k determines the kind of spatial geometry k = 0, −1, +1 (flat, open, closed universe respectively). Sinceȧ a =ā −2ȧ the (4.6) becomes
We study a Universe that accelerates very fast at its early stages thus we can acceptȧ + zt 2ā 2 > 0 no matter the sign of z t ;the velocity of expansionȧ takes on very large values. The (6.4) can be integrated directly for all the values of k. It is more convenient to substitute 25 a * = 2GM 3π (6.5) and the separable eq.(6.4) leads to
together with the initial condition a(0) = 0. (6.7)
I) calculation for k = 0 We fix k = 0 at (6.6) and find
we expand for a small z t and arrive at the solution
II) calculation for k = −1 A direct integration of(6.6) leads to
after expanding for small z t t = a(a + 2a * ) − a * log 1 + a/a * + a(a + 2a * )/a * − a 2 /4 + a * a + 2a
(6.12)
The calculation is the same as the previous case
and after expanding for small z t we obtain the solution
The leading term of the solutions for all k represents the solution given by the field's equations of the Robertson-Walker metric [25] .A small a expansion gives the asymptotic behaviour t ∼ a 3/2 or equivalently
Solution for a radiation dominated universe
The solution for a radiation dominated universe can be deduced by inserting the equation of state P = 1 3 µ rad into (4.4) and after adding this to (4.5) we end up with the equation
which we integrate and finḋ
If we substitute z t = 0 to (6.18) it returns back to the usual solution for a radiation dominated universe a ∝ √ t for all values of k.If we take into account the initial condition a(0) = 0 we arrive at the solution
The expansion of the solution for small z t is
Solution for the de-Sitter model
The de-Sitter model for an empty anisotropic universe constructed in 9 leads to the equation of motion(µ = 0 in (4.10))
Since the l.h.s. of (6.21) can be written asH 2 = ȧ a 2 +ȧ a z t ≥ 0 the cosmological constant Λ is restricted by the inequality Λ ≥ 3K where K = k/a 2 is the curvuture of the space. I) calculation for k = 0 The case of zero curvuture can be integrated to give
The solution tends to the one without anisotropy if we set up z t → 0 32 . II) calculation for the special case Λ = 3K The field equations for a space of constant spatial curvuture(maximal symmetry) and an empty universe(T µν = 0) imply the condition In both cases the constant of integration can be absorbed to a(t) if we pick up the right scale(e.g.a(0) = 1).
A model for inflation with anisotropy
The idea of inflation can be incorporated to the model of Friedmann-like equations with weak anisotropy if we introduce the vacuum energy density of a scalar field V 0 to the energy density µ.Indeed, we consider Gµ = V 0 /m 2 P l , i.e. µ = V 0 thus (4.6) implies 27,28,32ȧ
Since we work at an inflationary phase the size of the scale factor is such that the term Taking the positive square root of (6.27) we find the scale factor
recovering the de-Sitter solution (6.22) and the expected exponential rate of expansion for the early inflationary phase of the universe.
Estimation of the Cosmic Microwave Background Radiation (CMB)
The estimation of CMB can be achieved with the aid of Stefan-Boltzmann's law 25, 33 µ rad c 2 = σ SB g * T (z)
2)
The temperature T (z) is the radiation temperature for a given redshift z and g * = bosons
is defined as the sum of the boson and fermion spin states(e.g. for photons g = 2, for neutrinos g = 1 and for massive particles g = 2s + 1 ).The calculation could be attainable if we consider some data for the Hubble parameter H =ȧ/a and the anisotropic constant z t .The radiation dominated solution does not depend on the nature of the spatial geometry of the universe thus we fix k = 0 in (4.6) and obtain µ rad µ rad = The calculation can be directly derived if we manipulate (7.5) to become
where m P l stands for the Planck mass
We arrive at the formula for the temperature
Thus we can calculate the temperature T (z) for a given value of the redshift z with the aid of the formula
where T H (z) is the value of the temperature for a given value of the Hubble parameter without the assumption of weak anisotropy and H(z) is calculated from (5.8).Due to the adiabatic expansion of the universe we can transform the value T (z) at the redshift of CMB to its present value T 0 using the formula(a CMB = 1/1200)
(7.10)
Discussion
The study of a FRW-model in the framework of a generalised metric space with a weak vector field into the osculating Riemannian structure of the universe provides us with the extended Friedmann-like equation (4.6).The contribution of the variation of anisotropy is expressed by the z t produced by the Finslerian character of the geometry of spacetime.A possible estimation of the parameter z t can also be achieved using the de-Sitter model(µ = P = k = 0,Λ > 0) for intermediate values of the cosmological constant 32 since (6.21) implies
A collection of observational data for the cosmological constant and the Hubble parameter might give back some insight about the temperature corrections of the CMB incorporating the present anisotropies.
In classical relativity the entire evolution of a homogeneous isotropic universe is contained in the scale factor a(t)(e.g. evolution of matter,radiation and vacuum densities and every other physical quantity depending on the proper time t).
The first law of thermodynamics expresses in virtue of the scale factor a local energy conservation.In case we take into account the directional dependence of the heat flow we violate the assumption of isotropy.This consideration leads us to modify the scale factor to the formã(υ(s)) to be compatible within the framework of locally anisotropic spacetime. The vector υ(s) represents the unit tangent vector in flow lines(wordlines of the cosmological fluid).The whole picture can be naturally interpreted in locally anisotropic metric structures of the universe.The incorporation of a magnetic primordial field into the spatial geometry of space can be described by a Randers type Finsler space.The presence of a magnetic field is a result of a highly conductive perfect fluid in a Finslerian space-time.
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A Appendix
In the following we present some basic elements of Finsler geometry 6, 7, 14, 15, 21 . In 1854 B.Riemann, before arriving at Riemannian metric was concerned with the concept of a more generalised metric 
B Appendix
For a Finslerian vector field X α (x, y(x)) the δ− covariant derivative has the form 
